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Exercise sessions are important

Studentspresent their solutions active participation

encouraged
Learning process is

active notpassive
Exams written modelled after the exercises

Topicofthecounselet
IN 1 2,3

Goal Understand multiplicative structureofN
P pen p prime
multiplicative building blocks of 12

TMALL.tk kqittet
such that Vn Ip o for almost all pep
and n g pl't i.e n pi pit



Goal Understand the set IP

theorem Euclid IP D

Proof Suppose for contradiction IP is finite
so 110 Epa Pr Let 2 It Pa pr
Then pit q Ki Therefore ye IP contradiction

0

Let Tex Spex p prime
Exercise The leg leg x

Refits

Gauss conjectured that itex gaie Ling Igy 1

This is true and is known as the

PrimeNumbentheorem we prove it in this
course It was proven in 1896 by
Hadamard and de la Vallee Poussin
independently more than 100 years after
Gauss made the conjecture



I Are there infinitely manyprimes
with last digits
More generally if ca b 1 is

I ant b i ne n 3 a IP l o

Dirichlet yes

Proportion ofprimes Eb need a is ha
This is Prime Number Theorem in Arithmetic Progressions

Is I n 2 new 3 op l o Wide open

Notation

Let f g D 0 Dee We say
f 0cg or f e

g if there is a

constant es o s t

If 1711 I CI g z K Z e D

Let ZoeD arch f g Alto e s t

g does not vanish mean to We say that f olg
as 2 Zo if Laz fly 0

ZED



We don't explicit limit point if Zo D

Eg Let fix X and gex x2
For x L f Olg but g is not Olf

Also f olg

We often use big Oh notation inside
expressions If f g h D I we write

f la get to Chez
to mean I flat get E C 1h12 K zed

for some C so

If he o g we call get main term
and h z error term

Eg 1 2 X'to x for x at
LX I X t OCL

Its Txt Iq Off for X 21
312 to x

512

Furt.hrfottg.to j e we say fung if
f 0cg and g off



For twopositive functions we write
f x ng ex as x a if hiya tyg 1

If we write fixingex it is assued a d

We willprove PNT
Tex get

O g
and the stronger version

ITU Li x O x ECU
where Lik fight

for some c o

Exercise Lia KEELEY to

Eiji
We obtain this by studying analyticproperties
of Riemann Zeta function yes Eets Reis 1

Riemannhypothesis Rit All non trivial zeros
of E lie on the vertical line pecs L

Note RH E Tex Li x Oe Ate



Arithmeticfunctions

Def An arithmetic function is a function
f N O Denote A f n a
the set of all arithmeticfunctions

Def Dirichlet convolution Let f get
Dirichlet convolution f get is defined

Ift g n

Infod gtd

Leme H f g h fit

fig g
a f la is commutative

If ag
a he f yah a is associative

Proof fag n Eastcang lb Eflbglad gfk
fag L n Eashlb flag d

Echlb fidged If gel n



Inparticular IA t is a commutative

algebra with multiplicative unit link
tf.gg

Definition Multiplicative functions

f e it is multiplicative if f 0 and

f nm fin fam for all coprime integers n im

feat is completelymultiplicative if fto
and flam fin fim f n men

Renard f completely multiplicative f multiplicate
of multiplicative f 14 1

f multiplicative s f is determined by
its values on Epl pep len

Example o id n ccomp malt
Elm 1 comp mult
Lin I n 2 comp mult

O else
Elm I den din 31 I mult

Pf Tip htt for palp
Let m pie pit



SolenoidIn pg pi O Ekieli

eyli.pt llete Ilnte ey2ie tyril
I is malt a

Ilm I 24 2 1 cult
PI CRT na na I 24mm.ge nX R zz

as ringspipe pty e

theorem If f getmultiplicative then

fog multiplicative

Ex E E E malt but nor completelymalt
I 4 3 4 927

Pf Suppose Ins Nz 1
If g Rana Emmet'dg ay I

I fldsdagtqg.mg dlnen3 eddndad.tn
dans dedade dedamn



Infidel914 Infidelgig

ffg ne fog na O

Unitsinct

theorem feet unite fill to

PI Suppose 3gets f forg l
Then I ell flag s s f 4 to

We inductively define gets f fog e

Set girl ten
Suppose girl gin e already defined Set

gin Ey Inf'dg na
Then ft g n elm t ne N Ieasy exercises on

Rma We denote the inverse offby f



Proposition If f e it multiplicative then so is f

Proof Letget multiplicative definedby
gpl f pl pep lain

Then fagmultiplicative and e

if g pl Effya gyi4 E.fi24f pt
f Yipe eyre

forg e as bath fig and e ane

determined uniquely by their values onprimepowers
By uniqueness of inverse g f

t

Example Letm E Mobius function

LemmeMin qt
n t

C 25 n p p
productof
distinctprimesO else

Note ul
indicator Setofsquare free numbers
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mis GEMMA Even
Myr I and inductively for lez yipe o

NowM Eye is malt so claim fallows an

theorem Mobius Inversion Formula let f get
gin Infed

t ne n

fin Tanned get
Proof g free gqefsy f.eu f

Exercise My Imad


